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Abstract 

^ \ For a semistable family of varieties over a curve in characteristic p, we prove the existence of a 

I ■ "Clemens-Schmid type" long exact sequence for the jo-adic cohomology. The cohomology groups ap- 

^ . pearing in such a long exact sequence are defined locally, f 



O: 
< 



1 Introduction 

Let A denote an open disk around in the complex plane. Let X be a smooth complex variety which is 
a Kahler manifold. Consider a semi-stable degeneration tt : X — > A, i.e., a holomorphic, proper and flat 
map of relative dimension n such that n is smooth outside Xq = 7r"^(0), such that the fiber Xq is a divisor 
with global normal crossings (in other words Xq = ^ Xqj is a sum of irreducible components Xqj of Xq 
meeting transversally and each Xqj is smooth). In this situation, for any m, one can associate a limit 
^ ■ cohomology for Xq (see IIMQ84II or IIST76II '). This H'^^ is endowed with a nilpotent monodromy 

■ operator N and a weight filtration from a mixed Hodge structure. One has H"\Xt) ^ H"^ as vector spaces 

for f 7!: where Xf = n^^it); moreover, a topological argument shows that H"\X) - H"\Xq) :- H'" and 
Hm{X) - H,„{X()) :- H,„ as well. By / we will indicate the inclusion X, — > X. Then it is possible to 
psj ■ define the Clemens-Schmid exact sequence (respecting MHS) IICL77II Chap. 1, 3.7 (see also IIMQ84II '): 

>: 

t~~-. . • • • ^ n2n+2-m tl Hjjj^ H^^^ n2n~m tl ■ ■ • , 

■ 

Q ■ where the maps a are the natural maps arising from the Poincare duality for Xq considered as closed in 

the smooth variety X, and the maps /3 are again obtained via Poincare duality for H'"{Xt) ^ H2n-m{^t) 
and then composed with the natural map H2n-m{^t) H2n-miX) dual to /*. 

In order to prove the exactness of this long sequence one needs more than a topological argument 
which connects a global definition of the cohomology of X with support in Xq to a sequence involving 
the cohomology of the special and generic fibers. Indeed one also needs a "Weights" argument. In fact 
^ ■ one has to use the fact that the sequence respects the weight filtrations of mixed Hodge structures of 

^ ■ the vector spaces involved and moreover that the weight and monodromy filtrations on //j!^ coincide. 

We recall, also, that the structure of the limit cohomology has been considered in the framework of 
log-geometry (see IIIL94I ). 

In this article we deal with the analogous situation in characteristic p> 0. Namely, we consider the 
following morphism 

f-X^C 

over a finite field k of characteristic p, where X is a smooth variety of dimension m-i- 1, C is a smooth curve 
and / is a proper and flat morphism. We suppose that for a A;-rational point s of C, the fiber at s of /, Xs, 
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is a normal crossing divisor (NCD for simplicity) and / is smooth outside X^.. We prove the existence 
of a Clemens-Schmid sequence in this situation. For simplicity, we will indicate by "V a complete and 
absolutely unramified DVR whose residue (resp. fraction) field is k (resp. K of characteristic 0): 

(1) 

where (a) means the a-th Tate twist of Frobenius structure. 

The role of the limit cohomology will be played by the log-crystalline cohomology of the log-scheme 
Xs endowed with the log-structure induced by the log-structure of X given by the NCD Xg itself. We 
denote this limit cohomology by H'^'^^_^^^{{Xs, Ms)/'V^) CV^ is the log-structure on 'V associated to 
1 0). We will then consider the cohomology of the special fiber X^ without any structure: and 
here we will apply rigid cohomology, H'2^{X^). We now need to replace the "trascendental" topological 
argument used to construct such a sequence. The underlying idea is that the bridge between the local 
and the global will be given by two different definitions of the cohomology of X with support in Xs, 
//™ ^jg(X). Moreover we will link it to the cohomology of the open complement of Xg in X which will be 
understood in the framework of a generalized log-convergent cohomology theory introduced by Shiho. 
Hence we will have the long exact sequence 

(2) > ^£,rig(^) ^ ^rig(^.v) ^l'^g-conv((^- M,)m ^ ■ • ■ . 

Furthermore the (absolute) log-convergent cohomology groups, H'^^^_^^^^{{Xs,Ms)l'V), will be associ- 
ated with the limit Hodge structure of the special fiber. In fact we will obtain 

(3) 

SO that we can merge the two sequences ([T|l to obtain the /j-adic analogue of the Clemens-Schmid se- 
quence rtCTTTl . 

For the exactness of the merged sequence we note that the log-crystalline cohomology of X^ admits 
a weight structure (coming from the Frobenius action) and the existence of a monodromy operator. 
Following the work of Shiho, we will insert our cohomology into a family. Moreover to such a family 
we will associate a differential operator having a regular singular point at s and endowed with a Frobenius 
structure. We will re-interpret the monodromy operator in terms of residue of the differential operator 
at s. In this differential setting the equivalence between the monodromy and weight filtration (given by 
Frobenius) has been proved by Crew [|CR98.I 10.8. On the other hand, we also have Poincare duality in 
the rigid setting obtaining 

titU^^ = H^%^~'"~\X,)\-dimX) - //J_,„(X,)(-dimX) 

IILS071 . IIPE031 . l|Be971 : hence ([T|l is the complete analogue of the classical Clemens-Schmid exact 
sequence. 

We will see that the cohomology group Hy . (X) is isomorphic to the cohomology of the completion 

X of X along Xs with support in Xs (Remark 14.131 ). Hence the Clemens-Schmid type sequence exists 
geometrically on the completion C of C along the special point s. In this paper we will prove the 
exactness of the Clemens-Schmid type sequence when kis a. finite field because we would like to avoid 
the difficulty of building up the relative theory. We believe, however, that it is possible to remove the 
finiteness hypothesis. We do not treat the problem of the exactness for a proper semistable family defined 
over Spec k[[t]]. 

It is tempting to try to see our procedure along the lines of Levine's article on motivic tubular neigh- 
borhoods IILE07II . In that article topological methods were replaced by the notion of tubular neigh- 
borhoods. In our /7-adic realization, this corresponds to the use of the tubes in characteristic for our 
varieties in characteristic p. With respect to his approach, in our "reahzation" we have the advantage of 
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a weight filtration wliicli can be compared to the monodromy filtration and we can prove the exactness of 
our Clemens-Schmid sequence. We also mention that Nakkajima studied the kernel of the monodromy 
operator in crystalline settings in IINA06I . Sect. 6. 

Here is an outline of this paper. After establishing our notations and conventions, we will show 
in paragraph 3, how Shiho's theory of relative log-cohomology (convergent, analytic and rigid) can 
be used in our setting. In particular we will understand the log-crystalline cohomology of the special 
fiber as a fiber at s of the sheaves of relative log-cohomology on C which are endowed with an 
overconvergent connection, whose residue at s will be the monodromy operator. In the paragraph 4 
we will construct the sequence. We will show how the global long exact sequence should be defined 
using "local" objects via tubes: this will replace the topological methods in the classical case. To do 
that we will need to compare and link several cohomology theories: these results will be obtained by 
choosing a good embedding system. In fact, in I ISH02II 2.2.4, Shiho was able to define in a functorial 
way a log tubular neighborhood ]X\^°^ from a (not exact, in general) closed immersion X — > f of the 
^-schemes X to the formal "y-scheme P (under some assumptions). Here we will need to generalize 
that approach and to construct a good embedding system for etale hypercoverings which admits some 
exactness properties. This is done in Propositions 14.31 and 14.111 In paragraph 5 we will prove the last 
ingredient for the exactness of the Clemens-Schmid sequence: the monodromy filtration coincides with 
the weight filtration for the log-crystalline cohomology of Xs. This will be proved using the theory of the 
third paragraph: namely the fact that we may view this cohomology as a special fiber at 5^ of a module 
endowed with a log-connection and a Frobenius structure on the curve (with a log-structure given by the 
special point) and with monodromy given by the residue of this differential module at that special point 
(hence the monodromy is unipotent). In this sense we will use Crew's results on the equivalence of two 
filtrations ( IICR98II §10), which, in turn, was an adaptation of Deligne's methods for the etale setting 
( llDESOll 1.8.4). 

Acknowledgments We would hke to thank A. Shiho and A. Lauder. Lauder's article ULAl lfl was the 
starting point for this article. The first author was supported by Cariparo Eccellenza Grant "Differential 
methods in algebra, geometry and arithmetic" and was also supported by a JSPS grant. The second 
author was supported by a JSPS Grant-in-Aid for research (B) 22340001. We thank Frank Sullivan. We 
thank also the referee for carefully reading the manuscript and for pointing out some mistakes in the first 
version. 

2 Notation and setting 

In this paper we will indicate by k a. perfect field of characteristic > 0, if not otherwise indicated. For 
simplicity we denote by "V the ring of Witt vectors of k, K its fraction field. The Frobenius is denoted 
by o". We put "V; = "V/ p''V. Of course one could have taken for 'V any complete discrete valuation ring 
with residue field k and FracCV) = K: but all the A'-cohomology groups we are going to consider in this 
case will be defined by tensoring with K the cohomology groups defined over the fraction field of the 
ring of Witt vectors of k. Hence the ramification does not trouble our constructions and results. 

We recall that a divisor Z c F of a Noetherian scheme is said to be a strict normal crossing divisor 
(SNCD) if Z is a reduced scheme and, if Z,, / € J are the irreducible components of Z, then, for any I Q J 
(which might be empty) the intersection Zj = n,g/ Z,- is a regular scheme of codimension the number of 
elements of / (or it may be empty). Moreover Y is said to be a normal crossing divisor (NCD) if, etale 
locally on Y, it is a SNCD. 

We consider the following morphism 

f-x^c 

over a field k, where X is a smooth variety of dimension n -i- 1 , C is a smooth curve and / is a proper and 
fiat morphism. We suppose that, for a /:-rational point s of C, the fiber at s of /, X^, is a NCD in X and / 
is smooth on X \ X^. We use {X, M) to denote the scheme X endowed with the log-structure given by the 
NCD, Xs, while (C, s) denotes the curve C endowed with the log-structure given by s (all for the etale 
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topology). The induced map / : {X, M) —> (C, s) is log-smooth and proper. Then is a log-point given 
by the ^-rational point s of (C, s), i.e., the induced log-structure given by the closed immersion s C 
from (C, s). We refer to such a situation by a cartesian diagram 



(4) iXs,M,) ^{X,M) 

f 

5^ ^ (C, s). 

By 'V^ we indicate endowed with the log-structure associated to N 3 1 e "V. Again "V will 
indicate endowed with the trivial log-structure. 

If we say a property is satisfied by a simplicial (formal) scheme (resp. a morphism of simplicial 
(formal) schemes), then we mean it is satisfied at each level of the simplicial (formal) scheme (resp. the 
morphism of simplicial (formal) schemes). 

By [A* — > B*], we understand the simple complex associated to the double one (also in the simplicial 
setting) for complexes A*, B*. 



3 Relative Cohomology 

Because in (|4]l, C was a smooth curve over k then it admits a smooth lifting over "V (7.4 III, SGAl): 
we indicate by its completion along the special fiber C. Let us fix a Uft 5 of 5 in C'v and a section t 
as a local coordinate of s in over "V. s and t also denote a lift of s in and a local coordinate of s 
in '^■y over "V, respectively. Then 1 i-> ? defines a log-structure on '^-y and we indicate it by o/K. After 
shrinking C it is also possible to endow C^^, ^) with a lift ctc^^ of Frobenius which is compatible with 
the Frobenius cr on "V. We then have a sequence of exact closed immersions of log-schemes 



(5) s"" (C, s) C^r^, ^). 

The log-scheme (C, s) in (l5]l is log-smooth over k endowed with the trivial log-structure, and the formal 
log-scheme C^^, ^) in ^ is log-smooth over "V endowed with the trivial log-structure. We will denote 
the reduction of Crfy, ^) modulo p' by C^^, , We will indicate by "Iok (resp. C^j^ , Ji^k)) the rigid 
analytic space associated to the generic fiber of (resp. with the log-structure .^Vk induced by .yV), 
and denotes by sk a point of '^jf defined by f = 0. 

As in paragraph 2 we may induce on the log-structure of (X, M) and we refer to it as (Xj, M^). 
Again (X, M) is log-smooth over k endowed with the trivial log-structure while (Xs,Mv) is log-smooth 
over s^. Then we have the following diagram: 



(6) 



■(X,M) 



/ 



In this setting Kato and, later, Shiho ( IIKA89L IISH08L IISH08AII ) were able to define the relative log- 
crystalline cohomology sheaves of (X, M)/{C, s) with respect to C^^/, ^), and we will indicate them 
by 



K-"'/(X,M)/(»v,=>^),crys* (crys,X,/f ) • 

In this paper we will only work with the trivial log-isocrystal crys,x,K- In order to define the relative 
log-crystalline cohomology one needs to fix a Hyodo-Kato embedding system (!P,,^,) of an etale 
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hypercovering (X,, M,) of {X, M) IIHK94II 2.18 (see the notion of simplicial (formal) schemes and etale 
hypercovering in lICTOBll . llTS04]| ): 



(V) 



(X,,., M,,.) — - (X., M.) {r„ jg,) 

8 



■ {X, M) 

f 

' (C, s) - 



where 

(i) : X, — > X is an etale hypercovering, M, is the log-structure on X, induced by M, and 9^ : 
(X^ Mi,,) — > (Xy, Mi) is an induced etale hypercovering by base-change; 

(ii) (P,,^,) is a simplicial formal log-scheme separated of finite type over "V (with Frobenius en- 
domorphism which extends that of "V) such that (P,, is a simplicial formal log-scheme over 
C^^, jV) and (f*,, ^,) is log-smooth over {^<y, JV)\ 

(iii) /, is a closed immersion of simplicial formal log-schemes (not necessary exact). 

Then the crystalline complex C(x.,M.)/('r^.,^ on the Zariski site on X, can be defined by the logarithmic 
de Rham complex of the PD envelop of the closed immersion /, : (X,, M,) {P,, ^,) over {^n/., 
and the relative log-crystalline cohomology is calculated by 

I^/(X,M)/(^^,.yK),crys*(crys,X,A') - ® K.(/0)«C(x.,M.)/('^r ,^/<f)- 



Note that our crystalline complex is on the Zariski site after (1.5) in IISH08II . and it is not on the etale 
site as in liKA8 9l 6.2, 6.4 and [iHK94il 2.19. 

Remark 3. 1. In paragraph 4 we construct an embedding system such that /, is an exact closed immersion. 
In this section we do not need such a special embedding system. 

We recall the notion of iso-coherent sheaves. The category of iso-coherent sheaves on the Zariski 
site of a ;?-adic formal scheme S is the category such that the objects are those of the category of 
coherent sheaves on the Zariski site of S and the group of homomorphisms is given by Hom(?^, Q) = 
Homcoh(?^> ® Q, where Homcoh(?^> Q) is the abelian group of homomorphisms as coherent sheaves. 

Theorem 3.2. Under these hypotheses on (X, M), K./(x_M)/(^^,^),crys*(crys,A',jf) is a perfect complex of iso- 
coherent sheaves on '^^y; in particular, lR.'"/(x,M)/(»v,^),crys*(crys,x,/r) is zero for m » 0. Moreover, for 
each m, the iso-coherent cohomology sheaf W"f(x,M)/i'tf'v,^)firys*(ciys,x,K) admits a Frobenius structure. 

Proof See IIHK94t . 2.24. Note that the map is of Cartier type. □ 



Moreover Shiho (fSHOS] 1.19) was also able, always in our setting dSjl, to define a base change 
theorem (see also IKA89j| 6. 10). In fact one can complete the diagram Q as 



(8) (X„ M,) 5X - 

(X, M) (C, s) (^^, ^), 

where we indicate the morphism defined by f ^ by t and identify s^ with "V^ . Note that all the squares 
are cartesian. The t's and i are exact closed immersions and / and fs are proper and log-smooth. Then, 
following EHOll.19: 
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Theorem 3.3. As in dS]) we have an isomorphism 

lj*'R.f{XM)l('^'V,-y^\a-ys* (crys,X,K) - ^fs{X„Ms)/'V'' ,crys* (crys.X,,^:) 

in the derived category of perfect K -complexes. 

Moreover the relative log-crystalline cohomology groups of (Xs, Ms) over s^ are nothing but the 
log-crystalline cohomology of {Xs,Ms} over "V^ in the sense of IIHK941 . Then we may understand the 
foregoing base-change theorem as an identification of A'-vector spaces 



(9) IR"7(X,M)/fA',-/^),crys*(crys,Z,^).x = ^fog-crys ((^- M,)/^><) ® K. 

To prove this identification Q (resp. the similar identifications in (ITTI ) below), we will need to use the 
local projectivity of R./(x,M)/('^^,./K),crys*(crys,z,/s:)- This will follow from the locally freeness of relative 
log-analytic cohomology sheaves (Theorem 13. 81 ). via the isomorphism of Theorem I3.6l and the identifi- 
cation of Theorem 13.41 In order to make evident our approach we decided to write the isomorphism ^ 
at this point of the article. 



We will need not only relative log-crystalline cohomology, but also the entire apparatus developed 
by Shiho in his work: namely two other relative cohomology theories: the log-convergent and the log- 
analytic cohomologies. In our setting, Shiho IISH08L IISH08AI was able to introduce the relative m-th 
log-convergent cohomology sheaves of{X, M)/(C, s) with respect to ('^'v. ^) which are indicated by 

K-'"/(X,M)/('»v,-^).conv*(conv,Z,A:)- 

Here com.x,K is the trivial convergent isocrystal. If we denote the log-tube of the closed immersion 
/, : (X,,M,) —> CP,,^,), i.e., the usual tube ]X,[^i of the exactification of by and if 

sp :]X,[^^— > X, is the specialization map IISH08II 2.19, then the log-convergent cohomology sheaves are 
calculated by the logarithmic de Rham complex 

of the simplicial rigid analytic space over '^/j -]C[^g^=]C\^^^ (because the closed immersion 

(C, s) {"/f^, T) is exact) USHOSll 2.34: 

lR/(X,M)/(^T,,^),conv*(conv,Z,A:) = R(/6l)*Sp,Q* rl°g < ^./^ > . 

Then there is a canonical comparison morphism 

(10) sp,Q' <^J^ > ^ lim C(x.,M.)/(^^..^ 



and it induces the comparison theorem in IISH08II 2.36: 

Theorem 3.4. The canonical morphism (1101 ) induces an isomorphism 

J8.'"/(Z,M)/(%^v,./K),conv*(conv,X,/i:) = K-'"/(X,M)/(«v,^),crys*(crys,Z,/f ) 

of iso-coherent sheaves on '^■y such that the Frobenius structures on both sides commute. 

Remark 3.5. To any log-convergent isocrystal, £, it is possible to associate a log-crystalline isocrystal 
<!>(£) IISH08II 2.35. Here we should have written <l>((9conv,x,A:) for the structural log-convergent isocrystal 
OcvysXK- But <l>((9conv,x,A:) is the structural log-crystalline isocrystal. Hence we prefer to omit <!>. 
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As a corollary of Theorem I3.4[ we have that the relative log-convergent cohomology sheaves of 
{X, M)l{^'v, .yV) are endowed with a Frobenius structure and we have, as before, a base change theorem 
for relative log-convergent cohomology (as /T-vector spaces) H"^^_^^^^{{Xs,Ms)l'V^) is isomorphic to 
R-'"/(x,M)/(^T/,^),conv*(x,A'),s>'- We Summarize all of these with a diagram where all the maps are isomor- 
phisms (for all m) of ^-vector spaces: 

(11) ^rog-co„v((^- Ms)i'v^) ^i'::g-crys((^- ^^')/^') ® ^ 

K.'"/(Z,M)/('gV,,yr),conv*(conv,Z,/f ^ lR'"/(Z,M)/('»v,,yK),crys*(crys,X,A')iX ■ 

H« * * 

With regard to the results we have obtained thus far, we know only that the iso-coherent sheaves 
lR'"/(x,M)/(^V.'^^').conv*(conv,x,A:) on 'la'v are endowed with a Frobenius structure, but we have not given 
any information at the differential level. Thus we must introduce, after F SHOSL the relative log-analytic 
cohomology sheaves of{X, M)/{C, s) with respect to (^^, ^) which is indicated and defined by 

in nSHOSII 4.1, where '^k is the induced morphism from g : P, ^ Then they are 

■g'^-sheaves. By IISH081I 4.6 we have 

Theorem 3.6. In the previous notation, the relative log-analytic cohomology R'"f{x,M)/C^'v,.yf"),an*(an.x,K) 
are coherent '^^-sheaves. Moreover we have an isomorphism for any m: 

SP*IR-'"/(X,M)/(<^-V,^),an*(an,X^^) - K.™/(X,M)/(')^V„yK),conv*(conv,X,/f)' 

compatible with Frobenius maps fsp : '^'V the specialization morphism). 

We should stress the fact that those objects do not have the structures of isocrystals, i.e., they may be not 
isocrystals on the log-convergent site ((C, s) /"lOconv where "V is endowed with the trivial log-structure. 
But this is almost the case. In fact Shiho proved IISH08II 4.8, 4.10: 

Theorem 3.7. In the previous notation, for any integer m, there exists a unique coherent convergent 
isocrystal T on ((C, i)/'V)J.onv such that for any pre-widening (iF, .jV^-, Z, Mz, i, z) such that z - Z ^ C 
is a strict morphism and {!Z, N^ ) is formally log-smooth over 'V endowed with the trivial log-structure, 
the restriction ofT to /conv(Z/T)'°g = Str\Z is given in afunctorial way by 

,M)'X{c.s){3f ,.yys^) I (3f com* {com,X,K) 

endowed with a stratification. An analogous statement holds for the log-analytic setting where this time 
we will speak of a structure of log-module with connection. 

In particular, our lifting C^^y, JV) fits in the hypotheses of the previous theorem and we conclude 
that IR'"/(x,M)/('r'v,^),an*(an,z,/f) IS a Coherent sheaf endowed with a log-connection on {^k, ^k)- This 
connection is that of Gauss-Manin for 

{X, M) (C, s)^k 

(k endowed with the trivial log-structure) as explained in Shiho's Theorems 4.8 and 4.10 of IISH08I . 
Moreover the isomorphism of Theorem l3.6l gives to K."'/(z,M)/('i^v,^),an*(an,x,/f) also a Frobenius structure 
as an iso-coherent sheaf on '^k- In fact l.'"/(z,M)/('rT/,^),an*(an,x,jf) can be endowed with a Frobenius 
map, which becomes an isomorphism after applying the specialization morphism sp : '^k ^-v by the 
comparison theorems 13.61 13.41 and the log-crystalline result [X2l However, if sp^?^ = for a coherent 
sheaf 'F on 't^k, then one can argue that !F = 0, and so we may conclude that the Frobenius map is an 
isomorphism for R"'/{x,M)/cA',^),an*(an,z,A:)- We may then state: 
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Theorem 3.8. In the previous notation, the relative log-analytic cohomology R.™/(x,M)/('^^T/,./K),an*(an,XA^) 
is a locally free sheaf on endowed with a Frobenius structure and a logarithmic connection on 

Proof. Outside sk in 'iok, the log-connection is a usual connection, hence the sheaf is locally free, 
because we are in characteristic 0. The problem is at sk- Here it is enough to check that there is no 
nontrivial torsion. The existence of the Frobenius structure forces an isomorphism between the original 
module and its transform by Frobenius. If we had a nontrivial torsion we would have an isomorphism 
between modules with different lengths. This is a contradiction. □ 

As a summary of the results collected in this paragraph, so far, we have the following isomorphism 
for the residue at 5^ of l.'"/(x,M)/(Kv>^/>"),an*(an,A:,/f) (i-e. as in dS), f i-^ 0) in '^k- 

(12) R'"/(Z,M)/(»v,-/K),an*(an,X,Jf).- = ^fog-ci-y s ((^- M,)!^"") ® K. 

This isomorphism is compatible with Frobenius structures on both sides. 



* * * 

Since lR'"/(z,M)/cifT.,^),an*(an,x,;f) is locally free on "^k, it is free on ]5[%r^= D(0, 1") (the unit open 
disc) IICR98il 4.9 and there exists a A'-vector space V,„ endowed with a nilpotent endomorphism and 
a Frobenius structure F,„ satisfying N,nF,„ - pF,„N,„ such that 

(13) (lR'"/(X,M)/(«v,,/K),an*(an,Z,/f)l].vfe^. V,95,„) = {Vm ® M^^, N,„ ® I + 1 ® <i, F„, ® Cr^^^ ) 

and V,„ is isomorphic to H^^_^^^{{Xs, M^) fV^) ® ^ by ([12]) . Here V (resp. ^,„) is a connection (resp. 
a Frobenius structure) on K.™/(x,M)/('i(fT/„yK),an*(an,z,A:)- Indeed, all solutions of the associated differential 
equations are convergent on the unit disc ]s['g^ by the Frobenius structure. {Vm,Nm,F,n) is called the 

residue of R"Y(X,M)/(«v,^),an*(an,X/f) at s\. 

Now on the right part of (fT2]) we have a monodromy operator from IIHK94I 3.6 while on the left 
hand side we have the residue endomorphism Nm. We would like now to prove the following 

Theorem 3.9. In the isomorphism (1121) the two aforementioned monodromy operators are the same. 

Proof. We use the construction of the monodromy operator of ^i'og_Q.ys((^.«' ^s) 1'^^) ® ^ as in IIHK941 

3.6. Shrinking C, we may assume that 'i^-y Spf '^[f] is etale where f is a local coordinate of s over 
and 'y[f] is a /j-adic completion of the polynomial ring 'V\t'\. 

Let C(x,A/)/'v, the crystalline complex of (X, M) over "V, endowed with the trivial log-structure on the 
Zariski site on X,. We then have an exact sequence for each n as in l,HK94.l 3.6: 

(14) C(x,M)/(<rT/_.,^[-l] C(X,M)/Vi ^ C(x,M)/(Kv.,^ ^ ^' 

where the first map is given by the external multiplication by (x> i-> dt/t A a*. Note that (C*,d*)[-l] = 
{C*~^ , -d*"^) by definition. The exact sequence 

(15) ^ C^xMW^-Vr-^ ®0^-v, ^ C(x,M)l'V, 'V,- C(XM)l('g'v,,.yVi) ®0^^^ ^ 

induced by tensoring (fT4]) with O^g^, "y, (t i-> 0) is nothing but the second exact sequence in IIHK94II 
3.6 since Spf is etale. Hence the connecting homomorphisms on the cohomology groups 

with respect to the short exact sequence ([15) induce the monodromy operators on ^i'og_crys((^i ' ^s)!'^^)® 
K by the isomorphism 

^log-crys((^.V' ^.v)/^"") ® ^ = (Hm R'"(/,e,),C(Z,M)/(^#v, ,-/^),^x ) ® K, 

where C(x_m)/('^^ ,^,i>= is the fiber of C(x,M)/('gv ^^'^ i*^ i^ isomorphic to the crystalline complex 

of (X,., Ms)/s^ with respect to the embedding system (X^,,, M,,,) (f ,, J^,)®^_^ T -^"V, f i-^ 0) 
induced from the diagram ((T]). 
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A similar procedure holds for the log-convergent cohomology: there is an exact sequence 

(16) ^ a' < ^./^ > [-1] ^ n* ^. >^ q; ,„ < ^./^ >^ o 

where Q.* i^g< > is the logarithmic de Rham complex of {X, M)/K with respect to the embedding 

system ^ and the first map is given by the external multiplication by w i-^ dt/tAco. Consider the induced 
short exact sequence by tensoring with (9<(j^ — > (? i-> 0) and taking cohomology sheaves with respect 
to R.(fs9s)*spt, the connecting homomorphism is the monodromy operator on H'^^_^^^^{(Xs, Ms)/'V^) 
which is compatible with the monodromy operator on the crystalline cohomology by the comparison 
isomorphism of the diagram (fTTl) . 

The connection on the relative log-convergent cohomology R.'"/(x,M)/(^T/,^),conv*(conv,x,A')> hence on 
the relative log-analytic cohomology l.'"/(x,M)/('^^,^),an*(an,x,/s'), is the Gauss-Manin connection for the 
composite of log-smooth morphisms 

{X, M) (C, s) k, 

(where k is endowed with the trivial log-structure). It follows that the connection is given by the edge 
homomorphism of £1 -terms of the Leray spectral sequences of the composite of morphisms (see IIK068II . 
sect. 4). Hence, the connection on the relative log-convergent (log-analytic) cohomology is given by the 
connecting homomorphism arising from the short exact sequence (fT6l) . Therefore the two monodromy 
operators on ^Jog-crys^^^*' ^i)/*^^) ® ^ ^'^'^ under the isomorphism (fT2b coincide with each other. 

□ 

Corollary 3.10. The isomorphism (1121) induces an isomorphism 

Vm = HZ^_^^^{(Xs,M.)l'V'')®K 
of K -spaces which is compatible with nilpotent endomorphisms and Frobenius structures. 

Hence, by applying ]Rr(]Xs_,[?)., -) to (fT6l ). we obtain an exact sequence of /^-vector spaces 

• • • ^ ^bg-co„v((^- ^^)/^) ^ r(]^[.^^, R"Y(x,M)/(«y,^),a„*(a„,X,;f)) 

V 

r(]5[<r^,]R"'/(X,M)/(«v,.,r),an*(an,A:,A:))'3?f/^ ^ • • • 

where V is the log-connection on the free r(]i'[<i^^, ].v[^^)-module endowed with a Frobenius structure. 
Taking the residue of r(]5[.^^, ]R'"/(x,M)/(«v,^),an*(x,A:)) at s^ (see ([T3l)), we have the following long 
exact sequence of finite dimensional A'- vector spaces 

• • • ^ ^iog-conv((^-^.s.)/^) ^ //;^g_„y,((x„M,)/^X)®ii: ^ //r4_,^,((x,,M,)/^^)®/:(-i) ^ • • • 

by Corollary [3JOI 



4 Building up the sequence 

In order to calculate the rigid cohomology of X (for example) one does not really need to take a covering 
of the variety respecting the fact that it is defined over C. But for future use we will need the existence 
of coverings which are compatible with the map to the curve C and, possibly, with a smooth compact- 
ification. So, we are always in the diagram Q. Let C denote a compactification of C. By Nagata 
compactification of X over C we may think of having a compactification X of X over C. We may then 
suppose that we have a simplicial Zariski hypercovering diagram of the type 

Xv,, >■ X, 5^ X, "Pt 



X,s ^ X ^ X 



c — ^c. 
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The simphcial map X, — > X is a Zariski affine hypercovering, P, is a simpUcial formal scheme separated 
of finite type over which is smooth around X, and admits a lift cr, of Frobenius compatible with the 
Frobenius cr on and all squares are cartesian. Such a setting allows us to calculate .. (X). In fact 
we have: 

(17) Hl^^^^iX) = R'-TQX.lr., - 4\x.,.[..^;f.[.J^' 

where f^^ T, is a simplicial sheaves of overconvergent sections along ]X, \ U, associated to a sheaf 
of abelian groups on ]X,[^. for a simplicial open subscheme U, of X,. Here 7 is seen as the map: 
iw.Vv. '■ ]^»[?'. -^V^Vv, In particular we will have a long exact sequence 

• • • - ^„ngW - ^ W - \ X.) ^ • • • 

of finite dimensional ^T-vector spaces with Frobenius structures. 

In order to construct the exact sequence we seek, we will need to deal with complexes which are 
defined over ]X, . We may then consider an admissible covering of ]X, given by 

{]X.[^.\Ks,.[nJ^.[n)- 

The two complexes which form the simple complex in (fTTl) are equal on ]X,[^.\]X^_,[^. and in the 
intersection (]X,[^.\]Xs.,,[?>.)n]X,[f>. (note thatX, n (X \ X) = 0). We then conclude that 

where a, :]X,[^.— >]X,[^, and of course we may re- write the second part of (fTSl ) as 

where now we consider J]{7.[p. : — >]X[p. . 
Hence we would like to compare }Vt . (X) with 

(20) ^£,rig((^'^)) R'"r(]x.[p., [aj-^,j^^ ^ ^^^^^^^^a-^.^^;) 

We will refer to such a cohomology IV^ ^^(X,X)) as rigid cohomology of the pair (X, X) with support 
in X.V along the terminology of IICT03B and IITS041 . Note that the usual rigid cohomology //™ ^"^^ 

X with support in X^ is the rigid cohomology ng^*-^' P^l'^ support in X^. Then 

we claim: 

Proposition 4.1. There exists an isomorphism 

^£,rigW^^£,rig((^'^)) 

which is compatible with Frobenius structures. 

Proof. We need to prove the acycUcity of a, on the sheaves which appear in ( fT9l ). This follows from the 
fact that the open immersions ]X,[^.— >]X,[y5. and ]X, \ X, >]X,[y5. are affinoid morphisms. This 
comes, by base change, from the fact that an open immersion of curves is affine and X^ is a divisor. □ 

We would like now to understand the two simplicial complexes which appear in the definition of the 
rigid cohomology of (X,X) with support on X„ m . ((X,X)) = . ((X,X)) (as in in order to 
involve it in another long exact sequence. As in IICT03II . the first complex gives the rigid cohomology 
H'V ((X, X)) of the pair (X,X), and the second complex gives the rigid cohomology H".' ((X \ X^, X)) of 
the pair (^\^s,^)- 

Remark 4.2. These cohomologies (without support) have been named "naive" by Berthelot, "convergent" 
by llLSOTl 7.4.4. 
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What we now discuss is an interpretation of such a complex in terms of log-convergent cohomology. 
In order to achieve this goal we have to choose a different good embedding than the original V, we have 
used up to now: it will enjoy some exactness properties. 

Proposition 4.3. It is possible to construct a simplicial etale hypercovering X, of X which admits a 
closed immersion in a simplicial smooth formal scheme separated of finite type over 'V. Moreover if 
we endow X with the log-structure coming from the NCD X^, M, and X, with the induced log-structure 
M„ then we can give to Q^" a fine and saturated log-structure in such a way that we have a diagram 



{X„M,)- 



(X, M) ■ 



V 



where il^ is an exact closed immersion of log-schemes and {Ct^, is formal log-smooth over "V 
endowed with the trivial log structure and it admits a lift cr, of Frobenius which is compatible with the 
Frobenius cr ofV. 

For our strategy of proof we will construct an etale hypercovering X, such that, for each m, there 
is a disjoint decomposition X„, - Waei,,, ^m,a (each component is not necessarily connected) which is 
compatible with the simplicial structure and that the induced log-structure Mm,a on Xm,a from M has a 
chart. Then one can explicitly write down the exactness procedure, which is explained in IIKA891 4. 10 
and IISH02II 2.2.1. In order to construct an etale hypercovering of X, we use the coskeleton functor and, 
to construct an embedding system, we use a F-construction, which were studied in IICT03II 11.2 and 
llTSOil 7.2, 7.3. The proof will end at LemmagH 

First we recall truncated simplicial (formal) schemes and the coskeleton functors. Let A be the 
standard simplicial category, put [/] = {0, 1, • • • , /) to be an object for a nonnegative integer /, and denote 
the full subcategory of A whose set of objects consists of all [I] with I < qby A[q] for a nonnegative 
integer q. A ^-truncated simplicial (formal) scheme over a (formal) scheme 5 is a contravariant functor 
from A[^] to the category of (formal) schemes over 5. For example, a 1-truncated simplicial (formal) 
scheme y,<i over S is represented by 



(21) 



^0^ 

S 



where ni : Yi Yq (resp. 6 : Yq Y\) is a. morphism over 5 corresponding to the map [0] 
(resp. the unique map [1] [0]). Then ttq o 6 = tti o 5 = id^o hold. 
The <7-skeleton functor 



[1] (0 ^ I) 



sk^ ; (simplicial (formal) schemes over S ) — > (^-truncated (formal) simplicial schemes over S ) 

has a right adjoint cosk^ which is called the g-coskeleton functor. For a nonnegative integer m, let 
A[^]/[/m] be a category such that an object is a morphism ^ : [/^] — > [m] of A with l^ < q and a morphism 
: ^ ^ ?7 is a morphism of A[^] with ^ = r] o 0. Then ^-truncated simplicial (formal) scheme 7,<^ over 
5 induces a contravariant functor from A[<7]/[m] to the category of (formal) 5 -schemes, ^ i-> F/^. Then 
the m-th stage of cosk^(F,<^) is given by 



(22) 



cosk^(F.<^)„ 



lim 

feOb(AM/[m]) 



Yl 



where the inverse limit is taken over the diagram of 5 -schemes over A[q]/[m], and the morphism : 
cosk^(F,<^),„ cosk^(F,<^)/ corresponding to a morphism ^ : [/] ^ [m] is given by the transformation 

A[^]/[/] ^ A[^]/[m] ^^^o^ 
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of categories. More explicitly, let us put 

Tm = n^eOb(AM/[m]) ^/f ' 

S m - riftf ^7;eMor(AM/[m]) ^/f 

where the products are taken over S , and define moiphisms hi : T,„ — > 5„, over S for / = 1, 2 by 

hiiix^)) = (ye-4^r,) ye-4-^ii = ^eixr,) 

where kq : Yi^^ Yi^ is the corresponding morphism of (formal) schemes to : ^ — > 77. Then 
cosk^(F,<^),„ is isomorphic to the fiber product of the diagram 

(23) cosk^(y,<^),„— !-^r,„ 

Tin ; ^ S , n ■ 

hi 

When m < q, cosk^(F,<g)„, is isomorphic to F„, by the composite of h\ and the projection T,„ Fid[,„] 
since ^ - id[„,] for any object ^ of A[g]/[m]. If Y,<q is separated over S , then cosk^ (F,<^)„, is a closed 
(formal) subscheme of r„, by h'^ since /zi is a closed immersion. Moreover, if F,<^ is a ^-truncated etale 
hypercovering of S , then Y,<q is closed and open in T^- 

Let us consider coskj(F,<i) for a 1 -truncated simplicial (formal) scheme as in (|2TI ). The set of 
objects of A[l]/[m] consists of 

: [0] ^ [m] ^;(0) = / (0 < / < m), 
Tjij : [1] ^ [m] rjijiO) = i, 77,;/l) - j (0 < / < 7 < m), 
: [1] ^ [m] ^,(0) - ^,(1) = / (0 < / < m). 

Then coskj (F,<i)m is characterized in T,„ via the closed immersion h'^ in (|23] ) by the following lemma: 
Lemma 4.4. x e r„, belongs to coskj (F,<i)„, if and only if x simultaneously satisfies the conditions: 

P^,{x) ^ TTo o p,^,^{x) for 0<i < j <m, 
p^^ix) = TTi o /7;;,/x) for 0<i < j <m, 
P^iix) = 6 o p^.{x) for <i <m, 

where p^. : ^ F/^ (resp. pj^.. : — > F/^ , re^'/?. /j^, : — > F/^,J denotes the projection. 

Proof. The conditions in the assertion are the relations tt^ . = ttq o n,^..,?:^. = tti o n,^..,?:^. = 60 n^. which 
comes from morphisms of A[l]/[m], respectively. All other relations deduce from these relations. □ 



>From now we begin a proof of Proposition 14.31 Let us take a 1 -truncated simplicial scheme X,<i 
over X, 



X, 



<i 



X^ 



^0^ 

S 



which satisfies the following hypotheses. 

(i) Xq - IJffe/o^o,a with |/()| < 00 is an etale covering of Z by tt such that Zq^q. is an affine integral 
scheme of finite type over k for any a € Iq. 

(ii) Xi = U^e/i Xijj with |/i I < 00 is an etale covering of Xq Xx Xq by ttq X ni such that, for any P e h, 
X\^p is an afiine scheme of finite type over k and 7:i{X\^p) c Xq^ci, (^ = 0, 1) for some ai € Iq, and 
<5~k^i,/3) coincides with one of Xo,a for some a € Iq or is empty. Note that a/ (Z = 0, 1) and a are 
unique, and we allow the Xi/s to be not connected. 
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(iii) The inverse image X^^o^a of Xs in Xo^a is an SNCD over k, which is defined by the inverse image 
of xo.ffj • • • xo^a,ria = of an etale moiphism Xo,a ^l^^ - Spec^[xo,Q.,i, • ■ • ,xo^a,n+\] for some 
< ro,Q, < n + I such that the divisor Do^^j defined by the inverse image of XQ^aj = in Xo^a is 
irreducible for 1 < 7 < r^ a and nJ'JDo.^,; i= 0. 

(iv) For any a, a' e /q, 1 < 7 < ro,a, 1 < / < ro^a' and/3 e /i, if TrpH^o.^jOnXi,/; and 7r~HDo,a',/)nXi,/j 
have a common irreducible component, then 7T~^{Do^cr,j) - ■'^'J^k^o.a',/) Xiyj as schemes. 
For j3 e Ii, the set {D\^pj 1 1 < 7 < ri^^} denotes all the collection of divisors of Xx^p such that each 
of them is a form 7r~H^o,a,y) ^ ^ifii"^ 0) for some a e Iq and 1 < j < ro^^. Note that is 
reduced and the inverse image X^,!,/? of X^ in Xi^g is the union of {D\^^j 1 1 < 7 < ri yj). 

Such a 1-truncated simplicial scheme X,<i is a 1-truncated etale hypercovering of X and it always exists. 
Indeed, one can put X,<i, by definition of NCD's, as follows: 

(a) Xq is an etale covering of X satisfying the hypotheses (i), (iii). 

(b) Xi is a disjoint sum of Xq and a Zariski open covering Ufj ^ Xq Xx Xq of finite type such that 

is an afiine scheme of finite type over k which satisfies the inclusion hypothesis in (ii). 

(c) The inverse image Usfi of X^ in Ufj is an SNCD such that the intersection of all irreducible com- 
ponents of is nonempty. 

(d) For I - 0,\, ni : Xi ^ Xq is given by the identity id^o on Xq and the composition of Ujs XqXxXq 
and the natural Z-th projection Xq Xx Xq Xq. 

(e) 6 : Xq Xi is the identity onto the component Xq of Xi . 
Let us define a simplicial scheme X, over X by 

X. - coskf(X.<i) 

and a log-structure M, on X, by the inverse image of the log-structure M on X. Then X, is an etale 
hypercovering of X. 

We will introduce a disjoint expressions on X,„ for each nonnegative integer m. The disjoint ex- 
pressions of Xq = Uaeio ^o,a and Xi = Uae/, induce a disjoint expression on the fiber product 

Tm = n^eOb(A[l]/[m])^/f ^S 

A=((af.),(/3,,.p,(n,)) 0<i<m 0<i<j<m 0<i<m 

where A = ((o-^.), (firjij), (Tf,)) runs over 7™"*"^ x /™('"+iV2 ^ /m+i^ ^nd all fiber products are taken over X. 
Remember that X„, is a closed subscheme of via the closed and open immersion h'^ of the diagram 
(I23] ). By Lemma l4!4l we have: 

Lemma 4.5. Suppose furthermore that X is connected. Then X,„ n T,„^a nonempty if and only if the 
following conditions on A = ((a^,), (fimj), (7^,)) hold simultaneously: 

' ^0(^1, A,, p c Xo,£,^_. for < / < 7 < m 
■ ^1(^1,/;,, p c Xo,ff^. for < / < 7 < m 
6-\Xi^y^.) = Xo,a^. for < / < m. 

In particular we have the disjoint union 




where A - ((a^,), ifir^jj), (y^, )) runs over the set of indices satisfying the conditions above. 
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For a general X, the lemma above holds on each connected component. We define a disjoint expres- 
sion on Xm, 

ael,„ 

by the induced disjoint expression from that of T^. Note that X,„ q, is not connected in general. The 
new disjoint expressions of Xq and X\ are the same with the original ones via the natural projection 

Tm ^idM = (»I = 0, 1). 

Lemma 4.6. (1) Let ^ : [l\ ^ [m] be a morphism of A. For J3 e 7^, there is a unique element 
a{^,P) e Ii such that n^iX^fi) c Xi^ai^^y 

(2) Let ^ : [l^] —> [m],T] : [Irj] —> [m] be objects o/A[l]/[m]. For I < j < ri^^ai^^) cind 1 < / < 
%,a(nfi)' 'f^'^^(D^,a{^fi)j)<^Xm,)3 and n~^(Di^^a{T]fi),j')(~^Xmfi have a common irreducible component, 
then n~'^{Di^^a(gji)j) n Xmjj - n~\Di^^a{r]fi)j) n X^fi as schemes. 

Proof. (1) The assertion follows from our hypotheses: in particular (ii). 

(2) It is sufficient to prove the assertion in the case where 1^-1,^-0 since all divisors in the level of 
X\ comes from those of Xq by the hypothesis (iv). Suppose that = Ijj = and ^(0) < ?/(0). There exists 
a morphism p : [1] ^ [m] such that ttq ° Tip = and n\onp = nrj. Then the assertion follows from the 
hypothesis (iv). □ 

We denote the collection {D,„^pj 1 1 < j < r,„jg} of reduced divisors of X^^ such that each of them is 
a form 7r^^{Di^^a{^^i3)j') ^ ^m^i'^ 0) for some ^ e A[l]/[m] and 1 < / < r/^^a. Then the inverse image 
Xs,mj3 of Xs in X„^p is a union of {D,n,p,j 1 1 < ; < '"m^J- 

Let us now construct an embedding system /, : X, — > Q,. For / = 0, 1, we fix an affine smooth 
formal scheme Hi = Uo-e/, '^i,a separated of finite type over "V with an SNCD £/ = LJo-g/, relatively 
over which fits into the commutative diagram over 'V for each a e If. 

Xl,a ^ f^l,a 

SpecA:[x/,Q,,i,--- ,X/,a,„+l] ^A!^ = Spf Tlj/.a,!, • • • ,yi,a,ri,S 

(R denotes a p-adic completion of R) satisfying the following hypotheses. 

(I) ii^a '■ %,a is a closcd immersion. 

(II) The left vertical arrow is the map in the hypothesis (iii) for / = and in case I - \ this comes from 
hypotheses (ii), (iii) and (iv). 

(III) The first right vertical arrow is smooth and the inverse image of yfa,\ ■ ■ ■yi,a,sia = is the SNCD 
£/,Qf - the second right vertical arrow is the natural projection for r/ Q, < s^a- 

(IV) The bottom arrow is defined by y^aj ^ x^aj for I < j < r/ q,. 

(V) The inverse image iJ^G^aj for 1 < 7 < s^a is a sum of D^aj's with multiplicities. 

(VI) There exists a Frobenius cr^^^ on "R/ q, which is an extension of the Frobenius cr on such that 

o--R,^a(yi,a,j) = ylaj for any 1 < J < Si^a. 
Indeed, such formal schemes ^/ (/ = 0, 1) exist by our hypotheses on Xq and Xi. 

Remark 4.7. Strictly speaking the hypotheses above are more general than those we would need (and we 
will construct) for the aim of the present article: in fact we will be able to have sia — ri^ and hypothesis 

(V) will be automatically satisfied. But we think that such hypotheses will be the correct ones if we seek 
a functoriality behavior to the results of our constructions. 
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We define a log-structure of Hi which is induced by the SNCD £/. This log-structure has a local 
chart = N^'" defined by l^aj ^ yi,a,j, where li^j is the 1 of the 7-th component of L/q,. Then 
CRi, L") = UaeiiC^ha, L'^^) is log-smooth over "V endowed with the trivial log-structure and the underly- 
ing morphism of formal schemes induces a closed immersion (Xj, Mi) — > (/?/, L") of log-schemes. Here 
L"^ means the log-structure associated to the pre-log-structure Li^- Moreover, L") admits a lift of 
Frobenius an, ^ Uaei, 

We define a simplicial formal log-scheme Q, by 



(24) (a, if.) = ro^(W,,Lf,))^" Xspf^ri^(^i,L^))^' - 



n (^'.'^P 

.feOb(A[l]/W) 



as formal log-schemes over 'V (see the definition and properties of the F-construction in IICT03I 11.2 
and LTS04J 7.3.). Then we have a closed immersion 

/. :(X.,M.)^(a,if.) 

of formal log-schemes over "V by IICT031I . 1 1.2.4 and 1 1.2.7. Since the index set of products are same in 
(1221) and (1241) . the fiber product decomposition will induce a decomposition 

hn ~ I I hn,a ■ | | (-^nijO-) ^m,(i-) ^ | | (Qm,(i-> ■^jj.Q') 

of closed immersions for each m and they form a map of simplicial formal log-schemes. (Note that 
the components of {Qm,^^) which have no images from (X,„,Mm) can be omitted.) By the product 
construction in (|24]) . ((3,,^,) is log-smooth over "V and the underlying simplicial formal scheme Q, 
is smooth. More precisely, each log-structure ^m,a of Qm,a has a chart L„,_q, which is a product of 
some of L/_y3 (Z = 0, 1 and yS € //) and is isomorphic to N'*"'" with r„j „ < Sm,a such that, by reordering the 
generators of L,„,q., l,n,a,j goes to a generator of Dm,a,j in Xm,a for 1 < 7 < q, and \m,a,j defines a sum of 
Din,oj' with multiplicities for r,„^a < j ^ ^m,o in X,n^a by Lemma 1431 In addition {L„, = Ilae/,,, Lm,a I ni > 
0) forms a co-simplicial monoid L, by our construction of ((3,, ^,). The Frobenius endomorphisms 0-^^ 
and crjij induce a Frobenius cr, on ((3,, ^,) such that it acts by the multiplication by p on L,. 
Let us define a monoid Lf,f ^ in the associated group L^^: by 



rex _ T 



— (lm,Qfj' ^ ] y / 1 m,a,j' ) 
/ = 1 



< j < Sm,a, the divisor defined by the image 
of 3;^ in is r/-D m.a.f ■ 



Lemma 4.8. (1) The composite map L,„^a ^{Qm,a,Q„„a) ~* ^{X,n,a, x^^a) of monoids uniquely fac- 
tors as 

(2) The log-structure on X„,_q, associated to pre-log-structure L^^t ~^ ^{^m,a>x„,a) isomorphic to 

(3) The collection {L^f = riae/,,, ^n,a \ ^ - 0} forms a co-simplicial monoid L^" which is induced by 
the co-simplicial structure of M,. 

Proof. (1) If a divisor defined by the image of yj in X„, „ is Ylp^i yj'^m,a,j, then there is a unit u of 
F(Xm x,„„) such that the images of yj and u Y[ji=\ J j> coincide with each other in r(Xm,a, x,„a)- Hence 
±(im,Qr,; - Zy/Ti 7/ ^m,a,j') gocs to M*^. Therefore there exists a desired factorization. 

(2) Since X,,„,, - U^-^D^, Q, y is a SNCD of X^.q., the natural morphism Lm,Q- — > Mm,Q. is surjective. 
The injectivity follows from Lemma 1431 

(3) The assertion follows from our construction. □ 

Let us define a simplicial log-scheme {Ct^, ^,) by 

Q':^ = Q. xspfz[L.rSpf Z[Lf r 

and the log-structure associated to the natural pre-log-structure L^" ^{Q!^^,ai'^)- 
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Lemma 4.9. The closed immersion i, : {X,, M,) — > ((3,, factors as 

{X„ M.) ^ {Ql\ J^,) {Q„ 

simplicial fine and saturated formal log-schemes over 'V endowed with the trivial log-structure such 
that il^ is an exact closed immersion and h, is log-etale. Moreover, the underlying formal scheme is 
smooth over for any m. 

Proof, il^ is an exact closed immersion by Lemma l4T8] (2). Since (Ll^)^^ = Lf, h,„ is log-etale. By the 
construction we have 

where y/s are as in the proof of Lemma 14. 81 Hence Ct^a smooth over 'V. □ 

Finally, the Frobenius endomorphism ctq^ on (<3,, can extend to the Frobenius cr, on {Ct^, -^.) 
such that o", acts by multiplication by p on L^". 

This completes our proof of Proposition 14.31 □ 

Remark 4.10. (1) We could have performed a similar construction for an etale hypercovering coming 
from a truncated one of any level (not only of level 1). For a general etale hypercovering, one 
may not have an embedding system of simplicial formal schemes. One may only have a truncated 
system. We observe that an alternative methods for the proofs of the present article could have 
used truncated systems via the limit arguments in IITS04II 7.5. 

(2) We say that the NCD of X has self-intersections if there are some a e Iq and j + f such that 
the images of the generic points of D^^a,] and Do^aj by the etale covering ;r : — > X (as in the 
hypotheses (i), (iii)) are the same. If the NCD Xs of X does not have self-intersections, then one 
can take an etale covering Xq of X satisfying the hypotheses (i), (iii), and put Xi = Xq XxXq, which 
is given by Xq^^ Xx ^o,a' (o:, a' £ /q), with natural projections ttq, ji\ and the diagonal morphism 
6. Then this 1 -truncated simplicial scheme of X also satisfies the hypotheses (ii), (iv). In this case 
our (X,,M,) is a Cech hypercovering of (Xo,Mo) over (X, M). Hence, if one takes a smooth lift 
{Qo,L'^) of (Xo,Mo), then from the Cech diagram ((3,,^,) of (Qo,Lq) over "V, one can obtain a 
similar exactification {Q^,^, ^,). 

We fix a good embedding system : (X,, M,) — > {Ct^, as in Proposition 14.31 Then using etale 
descent for rigid cohomology [ CT03i 9.1.1 and forgetting the log-structure, we may write (X^ , is the 
induced etale hypercovering of X.,) 

(25) //£,ng(^) ^ R"T(]x.[Qe., [a-_,_j^^^^ 

We are now ready to interpret the two complexes which appear in the simple complexes of the right hand 
side of (|25] ). The first one is just calculating the rigid cohomology H'^^{{X, X)) of the pair (X, X). The 
second complex is nothing but the rigid cohomology //"^((X \ Xv,X)) of the pair (X \ Xs,X). Then we 
may apply Shiho's result IISH02II 2.4.4: it says that, for the smooth log-scheme (Xm,Mm) which has a 
Zariski type log structure, its log-convergent cohomology over 'V endowed with the trivial log-structure 
coincides with the rigid cohomology of the pair (X„, \ X.s „,,X„,). Note again that M,„ is the log-structure 
of Xm induced from the SNCD X, „, and the trivial log locus of (X^, M^) is X„, \ Xy Hence we have 

H':i^{{X \ X,, X)) ^ //i:g_,„„,((X, M)m. 

To avoid confusion we stress the fact that H"^^_^^^^{{X, M)/'V) represent the log-convergent cohomology 
groups of (X, M) relative to "V endowed with the trivial log-structure. 

To connect our construction to the log theory we will use ] - to refer to log-tubes for exact or 
non exact closed immersions, which has already appeared in paragraph 3: for example the log-tubes of 
X, for a generic embedding (not exact) Q, will be indicated by ]X,[^^. Of course for our Ql^ we have 

]X.[^f=]X.[Q-, 



^ 7 — ^m,a 
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where the second is the "classical" tube, since the closed immersion Z^" : (X,,M,) — > (Q^",^,) is an 
exactification of (X,,M,) — > (Q,,^,). Hence the log-convergent cohomology H"^ _^^^^{{X,M)I'V) - 
^Jog-conv((^" can be calculated by 



]R"T(]X. ['fl , < ^. >) - ]R"T(]X. [Qex , a* . < ^. >), 

where OTy ^ < > indicates the log differential of the generic fiber of (Ct^, ^,). We may then write 
(IBt as 

Now we would like to continue our interpretation. As a matter of fact we are going to use another 
exact embedding system to calculate the cohomology of the complex [fl* , — > fl* . < >]. In 

fact we are going to use a new good embedding system Ct^ (exact, smooth as before) which admits a 
map to 'lo^ and this map is log-smooth over {^'v, .yV). 

Proposition 4.11. In the previous notation, it is possible to find a good embedding system X, —> 
which fits in the diagram 

;ex _ 

(x.,M.)^-((af,^.) 



(C, s) ^ (<^^, ^) 

where the horizontal maps are exact closed immersions and {Ct^, is log-smooth over (^'y, ^) and 
the underlying formal scheme is smooth and separated of finite type over "V. Moreover (Q^", 
admits a lift cf, of Frobenius which is compatible with the Frobenius cr^g-^ on (^'v, ^/K). 

Proof. Let us keep the notations as in the proof of Proposition I4.3l and let f be a section of a coordinate 
of 5 in '^■y. Then the log-structure ^ on 'if<y is obtained by the pre log-structure N — > FC^q/, O'^^) given 
by 1 ?. We fix a Frobenius cr-^^ on "^q/, which is compatible with the Frobenius cr on "V, such that 

o-v^it) = tP 

If we consider the tensor product {Ct^, x C^^, JV) over 'V endowed with trivial log-structure, 
then the natural morphism (X,, M,) — > {Gt^, x i!^<v, c/K) is a closed immersion, but is not exact. We 
will need to modify it in order to get an exact one. Note that the log-structure (Gt^, x (^^, .jV) is 
the associated log-structure to the monoid L^" x N. 

We define a co-simplicial monoid by 

Tex _ rr Tex 

L^a = X N[±((U,„,i + • • • + J - 1)] in (L-„ x N^, 

where 1 is the generator of the last component N. Indeed, the collection {L^ \ m > 0] forms a co- 
simplicial monoid since Xm,a,iXm,a,2 • • • ^m,a,r„ = ut for a unit u on X,„ „ and by the fact that the closed 
immersion Z^" : (X,,M,) (Gt^,^,) is exact. Moreover, the associated log-structure on X, linked to 
the natural homomorphism F(X,, Ox.) of monoids is the given log-structure M,. 

We define a simplicial formal log-scheme [Gt^, over "V by 

= (Qf X ^<y) XspfZ[L-xNrSpf Z[I:T 

and is the log-structure associated to the natural homomorphism — > ,0^^. By the similar 
proof of Lemma l49l we have 
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Lemma 4.12. (1) There is a natural commutative diagram 



/ i 
i i 2-nd proj. 

of formal log-schemes over 'V such that (X,, M,) (Qj^, is an exact closed immersion and 
((3^", {Q^^, -Sf.)x(^<y, rvV) is log-etale. In particular, each level of{Q^^, is log-smooth 

over Ctf^, 

(2) The underlying simplicial formal scheme Qj^ is smooth over 'V. 

(3) The morphism cr,xo-^if^ on {Q^, ^,)x(^<y, ^) can be extended to a morphism cr, : {Ct^, — > 
((3^", such that cr, is compatible with the Frobenius cr on'V and acts by multiplying p on L^". 

Now the proof of Proposition 14. 11 l is complete. □ 



Hence we may use the exact embedding of the previous proposition to calculate our simple complex 
(|25] ). note that the log-tubes c 

immersion is exact and we have 



of (|25] ). note that the log-tubes coincide with the usual one: - '\X,{-y,^. This is true because the 



(26) ^£,ng(^) ^ R'"r(]x.[^., a\^^^_^^< Ji, >]). 

But we can also introduce an admissible covering of ]X, [^ex : this is given by the inverse image of the 
admissible covering of given by the tube of {s\ (open unit disk hence quasi-Stein) and W where W is 
a strict afiinoid neighborhood of C \ {i'} in The inverse image of such a covering gives an admissible 
covering of ]X,[^ex: JX^ ,[^ex and V, which are respectively the inverse image of the tube of \s\ and of W 
in ]X,[^ex- In particular the open immersion JX^ ,[^ex — > ]X,[^ex is a quasi-Stein map. The restrictions to 
y, of the two complexes which appear in (l26l ) are the same: using this fact and the quasi-Stein property 
and because all the sheaves are coherent, we can again re-write (l26l ). In fact, //^ rig(^) calculated 
as the derived functors of the global section functor on JX, , [^ex of 



(27) [Q* r ^ r < >]. 

By our hypotheses X^ is proper and Gt^ is smooth, the first complex calculates the rigid cohomology 
of Xs, while the second calculates the log-convergent cohomology of X^ endowed with the induced log- 
structure from X, i.e. the log-convergent cohomology of (X^, M^) with respect to the trivial log-structure 
on the base field, Hf ((X,, M,)/T). 

' log-conv^^ ' 

Remark 4.13. It is tempting to give a name to the hypercohomology of the global sections functor of the 
previous simple complex (ITT] ), and to denote it by . {XI K), where X is the completion of X along 

As a corollary of these two interpretations, we obtain the following long exact sequence of finite 
dimensional /T- vector spaces: 

© • • • ^ ^£,rig W ^ ffn^s) //r4-eo„v((^- M,)m ^ . . . . 

This long exact sequence is compatible with Frobenius. By classical results we know that the rigid 
terms of such a long exact sequence have Frobenius structures (they have a structure of mixed F- 
isocrystals IICH98II ). hence we may endow H"^^_^^^^{{Xs,Ms)l'V) with a Frobenius structure (even if 
{Xs,Ms) is not log-smooth over k endowed with the trivial log-structure). Again we want to stress the 
fact that H"^^_^^^^{{Xs,Ms)l'V) represents the m-th log-convergent cohomology group of (Xy, M.,) rela- 
tive to the trivial log-structure on the base field k. We recall that we indicate by _ ((X^, Ms)l'y^) 
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the log-convergent cohomology groups of (X^, M^) over "V^ (endowed with the log-structure of "V 
associated to N 3 1 i-^ € "V). Such cohomology groups coincide with the log-crystalline ones: 
^k!a-crys((^^' ^.v)/^'') ® K (see notation before CI]))- 

Remark 4.14. (1) We should remark that we could have proved the existence of Q by just using the 
exact embedding system (X,,M,) — > (Q^",^,). In this case, V,, of the covering above, would 
have been constructed as the complement of tube of X^^, of radius rj < I. 

(2) More generally if we try to deal with a general Hyodo-Kato embedding system (X,,M,) — > 
CP,, as in (O, then we would have replaced the complex in (l26l) by 

where Hk,, ■]X,[^^^ ^]X,[p^ is the canonical morphism. As a corollary of our local global compar- 
ison, we have an isomorphism 

^£,rig(^) = R'"r(]x,,.[^., [n'^x.^y^ ^ /jjf,.,.*n*^^^j>o.< ^. >]) 

where /z/f,.v,. :]X.v,»[^^— is the restriction of hx,*- However, one can not directly apply 
our argument of global and local comparison to this complex, for the reason that h~^^^{V,) is not 
isomorphic to V, in general. As a matter of fact, the local existence of exact embeddings is enough 
in order to prove the exact sequence The authors, however, thought that it were worth to prove 
the existence of global exact embedding systems of Propositions 14.31 14. 1 1 I for further studies. 

* * * 

By putting together ^ and © we have the sequence (as in the introduction) 

© 

• • • ^ //™ (X,) ^ //™g_„y,((X„ M,)m K,-crys((^^' ® ^(-1) ^ H'-^^iX) 

^ H'^l^\X,,) ^ • • • 

where the maps y and 6 are defined from Q and Q by the composites 

H^l^s) - H-,...^^{{X,,M,)m ^ HZ^_^^^{{X„M,)m^K 

and 



5 Exactness of the sequence 

In this last part we would like to prove the exactness of the previous long sequence (as in the introduction) 
© 

• • • ^ (X,) ^ //i"4_,^,((X,, M,)m K,-.ryM^^ M,)m ® K{-1) ^ //|^i(X) 

^ H'll^\X,) ^ ■ • ■ 

and we will make the further hypothesis that the field k is finite with q = p" elements. We will show how 
such a result (after our translation of the topological tools in our framework) is a formal corollary of the 
fact that in characteristic p the monodromy filtration coincides with the weight filtration. We recall that 
in the third paragraph we had the following interpretation (fT2l) : 

(^'"f(X,M)K'^^,^).^*UxK)\M^Js, = HI {{X„Ms)l'y'')®K, 
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where the tube ] s[^if^ is isomorphic, by a choice of the Uft s of s, to the open unit disk with a parameter t 
corresponding to sk- The relative log-analytic cohomology can be represented by the trivialization ([T3] ): 

i^'"f{X,MW^V,.A^)\Uv^,^in*Ln,X,K), V, (fim) = {V,n ® U^^,N,n ® 1 + 1 ® d,F,„ ® CT^^^). 

where V,„ is a /T- vector space endowed with a monodromy endomorphism Nm and a Frobenius structure 
Fm such that qF"„Nm - NmF"„. Moreover, V,,, is isomorphic to //J" ^((X.^, MJ/T^) ® by Corollary 
[3J01 

Associated with a nilpotent operator we have a monodromy filtration on V,,,. We will indicate it by At 
and the steps by Mj, j e Z. Moreover the Frobenius induces a filtration called the weight filtration. 
In this setting we have the equivalence between the two filtrations along the line of Crew's proof l,CR98l 
10.8: 

Theorem 5.1. Under the previous hypotheses, the relative log-analytic cohomology sheaf 

R-'"/(X,M)/("gV,,yK),an* {mi,X,K) 

on ^kWs[^<v P^^^ of weight m. Moreover ]R'"/(x,M)/('^T/,^),an*(an,x,A') "'^ ^^W<v unipotent and, for 
each j, the graded part for the monodromy filtration, gr^Vm, is pure of weight m + j for the Frobenius 
action. 

Proof. In view of our hypotheses the family X — > C was given by a proper and log-smooth map with 
only one (classically) singular fiber at s. Hence '^"^f{x,M)l('^'v,.yy),an*{an,x,K) calculates the cohomology of 
the proper and smooth fibers except Xg. Hence they are pure for the Frobenius structure. Now we can 
apply Crew's theorem [Ibid.]. □ 

This gives an equivalence between monodromy and weight filtrations (up to a shift). 

Corollary 5.2. On H"^^_^^^^{{Xs, M g) /"V^) <S> K the kerNm has (Frobenius) weights less than or equal 
to m. While H^^_^^^{(Xs, Ms)/'V^) ® K{-l)/lmN,„ has (Frobenius) weights greater than or equal to 
m + 2. 

Proof. By Deligne IIDE80I1 1.6. we know that A^m is injective on Vm/Mo V,„/A1_2(-1), hence kerA/^^ c 
Mq. On the other hand for each 7 < , NmMj+2 = Mj{-1): hence Al-i(-l) c ImNm. We conclude 
that Vm{-l)/lvaN,„ has weights bigger than or equal to m -1- 2. □ 

Corollary 5.3. The Frobenius induces a structure of mixed F" -isocrystal on H"^^_^^^^({Xs, MsJfV) 
( [■CH98.I ). Moreover we have a direct sum decomposition with respect to the weights 

Proof. The cohomological groups ^"og-conv*-*-^^ ' ^s)l'y) sit in two long exact sequences Q and (O both 
compatible with Frobenius: hence they are mixed as F"-isocrystals. In Q, by the theory of "classical" 
rigid cohomology we know that H"! (X,) has weig hts <m ( [iC"L98l 2.2) while (X) has weights 

Strictly bigger than m (I CH98II , 2.3): then one can insert ^i™g_conv((^«' in a short exact sequence 

where the first non trivial term has weights < m (in fact it is a quotient of H'^^{Xs)), while the last non 
trivial term has weights > m (because it is a sub F^-isocrystal of H'^+\ (X)). But, using ©, we can msert 
^log-conv^^^^ ' ^i)/*^) i'^ another short exact sequence : this time the first non trivial term is the quotient 
((X,,, MJ/T^) ® K{-l)/lmN,n~\ which has weights > m by Corollary 15^ and the last term is 

log crys ^^^^ 

kerNin on -^^I'^g.^ys^^^*' ^s)/^^) ® K which has weights <m (again by CoroUarv IS^ . □ 

We are now ready for the last step in the proof of exactness of the Clemens-Schmid sequence. As 
we said, the part of the long exact sequence (|2]) 

• • • - H^l^g) //r4.,_((X,, M,)/^) ^ H'^lXiX) ^ . . . 

is compatible with the Frobenius structure, hence it gives a surjection 
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We then have Im(//- (X,) ^ M,)/T)) - Hl^_^^^^{{X„ Ms) and of course it is 

contained in kerNm according to the long exact sequence ([3]l. Since kerNm has weights at most m and 
the Coker A/^,,,-! has weights > m + I, then the kernel is exactly isomorphic to H'^^_^^^^{{Xs, Ms)/'V)-'" 
under the map in ©. Hence it is lm{H'" (X,) ^ H'" _ ((X,, M)/'V'') ®K)my of ©. In the second 

rig log crys 

part of the sequence, we know that Coker Nm has weights > m + 2 (because of the Frobenius twist). And 
it is isomorphic to H'^'^^^^^^{Xs, Ms)l'V)-'^'^^ because \£<c:Nm+\ has weights <m+\. Consider the long 
exact sequence (O 

The kernel of the last map is the isomorphic to ^J"glcon^((^. , M,)/^)-'"+2 because Z/^+^X,.) has weights 
< m + 1 and H"'^^. (X) has weights >m + 2. 

This concludes the proof of the exactness of the Clemens-Schmid sequence. 
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